PHYS4171-Statistical Mechanics and Thermal Physics

Fall 2017,Assignment #4
Problem 1) Four-state model (Canonical Ensemble): Consider a particle that can
occupy four quantum states with energy, —€,0,0, and €.

2
a) (5 points) Show that the 1-particle partition function is Z = (2cosh( Be/ 2)) , the

e—<E>

average (mean) energy is <E> =—€ tanh(ﬁe / 2) ,and £ %ln( . <E>} . Show that the

2k, T

B

average energy range is—€ < <E > <eg.

Z = Zexp(—ﬁE) = exp(ﬁ8)+ exp(0)+exp( )+ exp( ﬁs)

Gh=d%)|
2 exp B +exp —
leexp(ﬁ8)+2+exp( ﬁe)—(exp[ﬁ j+exp(—%j) =2 ,

2

expx+exp-x ,and hence Z, = (ZCOSh(ﬁS/Z))Z

JInZ, ) (£)=- al“((z"‘”h(ﬁg / 2))2)

But coshx=

In the midt howed, (E)=— ,
n the midterm we showe <> [aﬁ B

- a8 2cos

E
Using tanh™ (x) = %l ( L+x j tanh™ [ < > ] =tanh™ (tanh[%n , which gives

o Pl ) )]
(B2/2)2 ’

1-x T
ge 1. [1+(-(E)/e) e e-(E)
22 | 1-(-(E)/e)| kT |e+(E))
It is well known that tanh x varies from —latx=—o0,to 0 atx=0,t0 +latx=-co,

Hence,<E> = —etanh(ﬁs/Z) , will vary frome at B=—coto 0 at B=0to from—¢ atff=oco.
b) (Graduate Student only, 5 points) Show that the one-particle entropy is

5_@+k31n2ak—58_(8+8<E>]1n[8;§f>}[8_§E>}1n(8_2<j>].

Start fromS:<%>+kBan, and from a),%—l;—Bln{g_<E>]andﬁe—ln(8_<E>].
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. Now multiply

i:—<i>ln 8+<E> —In 8_<E> —In 8+<E> . Now add zero and rearrange.
k, € g—<E> 2¢e 2e

i:—@ln 8+<E> —In 8+<E> —In 8_<E> —<i>lni+@lni

k £— 2¢ 2¢ e 2 & 2

£ (e10) Jeto) (1t ()
5 g+<E>ln[8+<E>]g_<E>ln[g_<E>].

Rearrange again, — =
k, £ 2¢ £ 2¢

Full grade will be awarded only if all algebraic steps are shown.

c) (5 points) Using the result of b), find the energy range <E > , when the temperature is
positive and when it is negative. By direct differentiation, show that the temperature is
infinite, when <E > =0, and that the temperature is zero when <E > =—¢£,€.

From equation 4.21 and 4.22, {85] = 1
NV

A(E) | T’



;_[a ——11n[H<E>]+11n{8<E>J . where both 1{%@}0, and

8<E> . £ 2¢€ £ 2€ £
(F)

ln( 5 <0, are negative. In the case where —€ < <E > <0, the magnitude of the
£
) £+ <E > E— <E > 1 )
former is larger |In e >|Iln e |’ hence? >0, so the temperature is
£ £

positive, as expected. In the case where 0 < <E > < €, the magnitude of the latter is larger

£— <E > £+ <E > 1 )
Inf ——= |>|In| ——* |, hence =<0, so the temperature is negative.
2€ 2¢e T

At <E>=O,l= 8_5 :—lln(g—wj+lln(8—_0]:0,andT=oo.
T a<E> . € 2¢€ £ 2¢e

When <E> =—£,5 >, 50 write<E> ——£+0,where0<d <1 is a very small positive
1

number. —= —lln 9 +11n ze , where we neglect the d in the last term.

e \2e) & \2¢
1:—lLl'rnln i =+oo,0r T=0". When <E>=8,S%°0, SO write<E>—>£—5 , where
T e 2¢€

1
0<d <1 is a very small positive number. 1 = —lln ze +—In 9 , Where we
T € \2¢) € \Z2¢

1 1 o
neglect the 0 in the first term —=—7 jyIn| — |=—c,0or T=0".
: 7 eLim (28]

Problem 2) Graduate Student Only (10 points): In the micro-canonical (constant
energy) ensemble the entropy is =k, In€Q, whereQ is the total number of microstates

multiplicities). Shannon’s theorem states that the entropy is S=—k_ ) p.Inp., where p;
p py B - i i

is the probability of the i state, and the summation is over all states.

a) From textbooks or online, explain the Ergodic hypothesis. Explain in no more than
three sentences the meaning of the Ergodic hypothesis. Use this hypothesis to
determine the probability p; of any microstate in the micro-canonical ensemble.

Ergodic hypothesis states that, in a micro-canonical ensemble, after a sufficiently long

period, all microstates will be visited. In fact, all microstates are equally probable.

b) Use the result of a) to show that =k, InQ is consistent with Shannon’s theorem.

If all microstates are equally probable, then the occupation probability of a state (say
the i”" state) is p,=1/€Q, where Q is the total number of microstates. Note this relation



Q

gives proper normalizatioani 2(1/9)2(1/9)%( 1/Q )z(l/Q)Qzl.Now

i=1 i=1 i=1

= S = {3 o8 o]0
Since;<1)=a,s=—k3(gj[m[gﬂ ~n( L)

Problem 3) Problem 1 Chapter 7 (10 points)

Problem 1
a) As discussed in class, the pressure, P(z), pushing upward on the infinitesimal cross-

section volume AZz, must cancels the downward pressure P(z+£z) and P,.

— S=k,InQ, QED.

F = (n(z)AzAm)g
P(z+12) P, = F/A = nmgiz

|

Rz D I

Mass of gas in infinitesimal
cross section: n(z)AzAm

P(z)

P(z)=P(z+AZ)+P — P(z)=P(z+Az)+nmgAz.
P(z+Az)-P(z)
P(z+Az)-P(z) qp

=—=—nm
Az dz 4

b) Rearranging P(z+Az)—P(z):—nmgAze =-nmg

Taking the limit Az — 0, | jm

Az—>00
. . . N _ .
Using the ideal gas equation PV = NKT — P=nkT, where n= v It is noted here that

P= P(z) and n= n(z) are functions of z. Using n= i ap =—@ %d—P = @dz
kT’ dz kT P kT
_mgz

kT

. . p
Integrating mg we obtain In—= —>P=P e ",

0



¢) Using P=nkT and P, =n kT,where nis the concentration at the surface, we obtain
n= noe_mgz/ “TIf at a height z the number density drops to half the value at the surface

n= ’%O - % =e """ Taking the natural logarithm of both sides ln% = —% which

B

: kT : . . _
gives z =——In2. The atomic mass of nitrogen is 14 amu (1 amu =1.66x10 27 kg ), and
mg
hence the mass of one nitrogen molecule (N,) is

m=2x14x(1.66x10""kg)=4.65x10"kg, T =300K —

(1.381><10‘23]/K)(300K)

zZ= In2=6300m=6.3km.
(4.65x107kg)(9.8m /s

Problem 4) Read section 7.4, then do Problem 4 Chapter 7 (10 points)

A) Langmuir Model Summary: In the problem a surface of total area, 4, can “adsor
N identical pebbles. Each pebble occupies area 4, and there are a total of N, = 4/A4,,.
When a pebble is adsorbed onto a site there is an energy change of €. But there is a
counting component to this. This is a coin toss problem, where there are N, coin tosses,
where N will be heads, and NV, — N tails. The “first” can be in /V; sites, the “second” in N
— 1, and so on. The number of distinct arrangements of N distinguishable pebbles

N !
N x(N,=1)x...(N ~(N-1))= m
If the pebbles were indistinguishable we would use the binomial coefficient:
N
NY(N -N)! .

This would take care of overcounting.

bE

In the canonical ensemble, the partition function is Z = Zexp(— BE ) , but here the energy

is simply E =—Neg, and the number of distinct state is given above by equation [1], so the

N !
partition function is Z (N ) = N'(TSN)'eXp(ﬁN 8), or for adsorbed atoms we have

N !
= ) ithN — N .
Z pisorbed (Nad) N !(Ns ~ Nad)! eXp(ﬁNang) , W1 — N _ande > g
B) Using Stirling’s approximation,

Inz, . (Nad ) =N_InN -N_InN —(NS -N_, )ln(Ns - Nad)+ BN e,

N —-N

oF dlnZ
and equation 7.19, u_ =—k T(—j:—k T(MJ:—g —k Tln[ - ""J.
d B aN B aN 0 B Nad




From 7.20, the chemical potent of ideal gas is My = kBTln[ N Vﬂ, J .

gas

N —-N
v - :—so—kBTln[ - “d].
]Vgas/’L Nad
0

Solvi N = Nad —exp| ——— Usi ideal law
olvin ex . using 1d€al gas l1a

B

P: NyaskBT NadkBT 1 Xp( 80 ]

At equilibrium M= H

adsorbed

—>kBT1n[

V. N-N_A°

Problem 5) Problem 3 Chapter 8 (10 points)
1

exp((sa - u)/kBT

A) In classical limit (8.18) gives(n_ )= ) <1, and equation (8.22)

gives <na> =N exp(—&Z /kBT) ,withZ = % ,and A= ﬁ . Since exp(—ea /kBT) is
variable <na> <1l-> NA° = N <1.

4 V(ZﬂkaT )3/2
3

B) Using 7.20, u=-k_Tln vi , and from (A), NA <1l—> v >1. Hence it is clear
BOANA 14 NA?

3

that £ <0 . In fact the magnitude of 1, which is proportional to T can be quite large.



