
PHYS3511-Biological Physics 
Fall 2018, Assignment #7 Due Thursday November 22, 2018 

Read Chapter 7: section 7.1 and 7.2 page 281 to 303. The information on these sections 
may be used in multiple-choice questions in quiz 2 and the final exam. 
 
Exercise 1) (10 points) Do problem 7.3 of Chapter 7

 
Toy Model of a Dimeric Hemoglobin (Dimoglobin) with oxygens on lattice 

 
Define N as the number of O2 molecule and Ω the 
number of lattice sites. If an O2 molecule occupies 
a lattice site then it has the energy 𝜀#$% and if it is 
bounded to one of the two dimoglobin sites then 
its energy is 𝜀. If two oxygens are bounded then 
there is an energy of J. We have the following 
energy and multiplicity. 
No bound oxygen: 𝜎' = 𝜎) = 0; N oxygens on 
lattice, energy 𝐸(𝜎', 𝜎)) = 𝐸(0,0) = 𝑁𝜀#$%; 
multiplicity of microstates with the same energy 

0!
2!(032)!

. 
One bound oxygen: 𝜎' = 1, 𝜎) = 0 and 𝜎' = 0, 𝜎) = 1 ; 𝑁 − 1 oxygens on lattice; 
energy 𝐸(1,0) = 𝐸(0,1) = (𝑁 − 1)𝜀#$% + 𝜀; multiplicity of microstates with the same 
energy 0!

(23')!(0327')!
. 

Two bound oxygens: 𝜎' = 1, 𝜎) = 1 ; 𝑁 − 2 oxygens on lattice; energy 𝐸(1,1) =
𝐸(1,1) = (𝑁 − 2)𝜀#$% + 2𝜀 + 𝐽; multiplicity of microstates with the same energy 

0!
(23))!(0327))!

. 

𝑍 =
Ω!

𝑁! (Ω − 𝑁)! 𝑒𝑥𝑝
(−𝛽𝑁𝜀#$%)

+ 2 ×
Ω!

(𝑁 − 1)! (Ω − 𝑁 + 1)! 	𝑒𝑥𝑝
(−𝛽((𝑁 − 1)𝜀#$% + 𝜀)

+
Ω!

(𝑁 − 2)! (Ω − 𝑁 + 2)! 𝑒𝑥𝑝
(−𝛽[(𝑁 − 2)𝜀#$% + 2𝜀 + 𝐽]) 

 

 



Now we assume that both Ω and N are very large, and that Ω ≫ 𝑁 (i.e. dilute 
concentration of oxygens), we the employed the better version of Stirling’s 
approximation (see equation 6.15) to show 

Ω!
(Ω − 𝑁)! ≈ Ω2 

This gives 

𝑍 =
Ω2

𝑁! 𝑒𝑥𝑝
(−𝛽𝑁𝜀#$%) + 2 ×

Ω23'

(𝑁 − 1)! 	𝑒𝑥𝑝 E−𝛽
F(𝑁 − 1)𝜀#$% + 𝜀GH

+
Ω23)

(𝑁 − 2)! 𝑒𝑥𝑝
(−𝛽[(𝑁 − 2)𝜀#$% + 2𝜀 + 𝐽]) 

Using 〈𝑁〉 = ∑ (𝜎' + 𝜎))𝑃(𝜎', 𝜎))MN,MOPQ,'  
〈𝑁〉

=
2 Ω23'
(𝑁 − 1)! 	𝑒𝑥𝑝 E−𝛽F(𝑁 − 1)𝜀#$% + 𝜀GH + 2

Ω23)
(𝑁 − 2)! 𝑒𝑥𝑝(−𝛽[(𝑁 − 2)𝜀#$% + 2𝜀 + 𝐽])

𝑍  
or 
〈𝑁〉

=
2 Ω23'
(𝑁 − 1)! 	𝑒𝑥𝑝 E−𝛽F(𝑁 − 1)𝜀#$% + 𝜀GH + 2

Ω23)
(𝑁 − 2)! 𝑒𝑥𝑝(−𝛽[(𝑁 − 2)𝜀#$% + 2𝜀 + 𝐽])

Ω2
𝑁! 𝑒𝑥𝑝(−𝛽𝑁𝜀#$%) + 2 ×

Ω23'
(𝑁 − 1)! 	𝑒𝑥𝑝 E−𝛽F(𝑁 − 1)𝜀#$% + 𝜀GH

+ Ω23)
(𝑁 − 2)! 𝑒𝑥𝑝(−𝛽[(𝑁 − 2)𝜀#$% + 2𝜀 + 𝐽])

 

Now we divide numerator and denominator by 0
R

2!
𝑒𝑥𝑝(−𝛽𝑁𝜀#$%) to obtain 

〈𝑁〉 =
2NΩ 	𝑒𝑥𝑝F−𝛽(𝜀 − 𝜀#$%)G + 2

N(𝑁 − 1)
Ω) 	𝑒𝑥𝑝F−𝛽(2(𝜀 − 𝜀#$%) + 𝐽)G

1 + 2 × NΩ 	𝑒𝑥𝑝F−𝛽(𝜀 − 𝜀#$%)G + 2 ×
N(𝑁 − 1)

Ω) 	𝑒𝑥𝑝F−𝛽(2(𝜀 − 𝜀#$%) + 𝐽)G
 

Assuming that the number of O2 is large, N(𝑁 − 1)~𝑁), we obtain 

〈𝑁〉 =
2𝑁Ω 𝑒𝑥𝑝(−𝛽∆𝜀) + 2

𝑁)

Ω) 𝑒𝑥𝑝F−𝛽(2∆𝜀 + 𝐽)G

1 + 2𝑁Ω 𝑒𝑥𝑝(−𝛽∆𝜀) +
𝑁)

Ω) 𝑒𝑥𝑝F−𝛽(2∆𝜀 + 𝐽)G
, 

with ∆𝜀 = 	𝜀 − 𝜀#$%. Writing 

𝑁
Ω =

E 𝑁
Ω𝑉W$X

H

E 1
𝑉W$X

H
=
𝑐
𝑐Q
, 

where 𝑐 = 2
0Z[\]

, since Ω𝑉W$X  total volume of the system, and 𝑐Q =
'

Z[\]
 is the reference 

concentration, i.e. the concentration for one molecule (such as O2) in a volume 𝑉W$X . As 
discussed in class (and in the textbook) 𝑉W$X  is the volume occupied by one lattice (the 
blue square in the figure on the previous page). The value is arbitrary, but the textbook 
chooses 𝑉W$X = 1𝑛𝑚`. Substituting 2

0
= a

ab
 gives 



〈𝑁〉 =
2 E 𝑐𝑐Q

H 𝑒𝑥𝑝(−𝛽∆𝜀) + 2 E 𝑐𝑐Q
H
)
𝑒𝑥𝑝F−𝛽(2∆𝜀 + 𝐽)G

1 + 2 E 𝑐𝑐Q
H 𝑒𝑥𝑝(−𝛽∆𝜀) + E 𝑐𝑐Q

H
)
𝑒𝑥𝑝F−𝛽(2∆𝜀 + 𝐽)G

, 

which is identical to equation 7.32. 
This completes part A of the question. 
Part B)  
From the previous part A 

𝑍 =
Ω!

𝑁! (Ω − 𝑁)! 𝑒𝑥𝑝
(−𝛽𝑁𝜀#$%)

+ 2 ×
Ω!

(𝑁 − 1)! (Ω − 𝑁 + 1)! 	𝑒𝑥𝑝
(−𝛽((𝑁 − 1)𝜀#$% + 𝜀)

+
Ω!

(𝑁 − 2)! (Ω − 𝑁 + 2)! 𝑒𝑥𝑝
(−𝛽[(𝑁 − 2)𝜀#$% + 2𝜀 + 𝐽]) 

it is clear that the first, second and third terms are associated with the probability that no 
O2, one O2, and two O2, respectively, are bounced to the dimoglobin. We can infer from 
this: 

𝑃Q =
1

1 + 2 E 𝑐𝑐Q
H 𝑒𝑥𝑝(−𝛽∆𝜀) + E 𝑐𝑐Q

H
)
𝑒𝑥𝑝F−𝛽(2∆𝜀 + 𝐽)G

 

𝑃' =
2 E 𝑐𝑐Q

H 𝑒𝑥𝑝(−𝛽∆𝜀)

1 + 2 E 𝑐𝑐Q
H 𝑒𝑥𝑝(−𝛽∆𝜀) + E 𝑐𝑐Q

H
)
𝑒𝑥𝑝F−𝛽(2∆𝜀 + 𝐽)G

 

𝑃) =
E 𝑐𝑐Q

H
)
𝑒𝑥𝑝F−𝛽(2∆𝜀 + 𝐽)G

1 + 2 E 𝑐𝑐Q
H 𝑒𝑥𝑝(−𝛽∆𝜀) + E 𝑐𝑐Q

H
)
𝑒𝑥𝑝F−𝛽(2∆𝜀 + 𝐽)G

. 

 
From the figure caption 7.18 

∆𝜀
𝑘e𝑇

= −5;
𝐽
𝑘e𝑇

= −2.5, 

which gives 
𝑒𝑥𝑝(−𝛽∆𝜀) = 148.4; 𝑒𝑥𝑝(−𝛽2∆𝜀) = 2.2 × 10k; 	𝑒𝑥𝑝F−𝛽(2∆𝜀 + 𝐽)G = 268337; 

Now we note that the partial pressure of oxygen can be given by the ideal gas 
approximation 

𝑃$Xopqr = 𝑐𝑘e𝑇; 𝑃sqtqsqraq = 𝑐Q𝑘e𝑇;
𝑐
𝑐Q
=

𝑃$Xopqr
𝑃sqtqsqraq

. 

On the figure caption it is stated that 𝑃sqtqsqraq = 𝑐Q = 760𝑚𝑚𝐻𝑔. Let’s pick a 
ubiquitous point on Figure 7.18 𝑃$Xopqr = 𝑐 = 10Q𝑚𝑚𝐻𝑔 = 1𝑚𝑚𝐻𝑔, 

𝑐
𝑐Q
=

1
760 ; w

𝑐
𝑐Q
x
)
= w

1
760x

)

 

which gives 



𝑃Q =
1

1 + 2 E 1
760H148.4 + E

1
760H

)
268337

=
1

1 + 0.39 + .464 =
1

1.854 = 0.54, 

𝑃' =
2 E 1
760H148.4

1 + 2 E 1
760H148.4 + E

1
760H

)
268337

=
0.39
1.854 = 0.21, 

𝑃) =
E 1
760H

)
268337

1 + 2 E 1
760H148.4 + E

1
760H

)
268337

=
0.464
1.854 = 0.25. 

If you look at Figure 7.18 on the first page we can see that thes are the correct values. 
 
Exercise 2) (10 points) Chapter 7, Problem 7.5 
A) we generalized equation 6.120 for two ligands CO and O2 to give the probability of 
bound O2, 

𝑃zO =
w[𝑂)]𝐾zO

x
r\O

1 + w[𝑂)]𝐾zO
x
r\O

+ w[𝐶𝑂]𝐾~z
x
r��, 

[𝑂)] = 0.21𝑎𝑡𝑚3' ��Q���p
'���

= 159.6𝑚𝑚𝐻𝑔; 𝐾zO = 26𝑚𝑚𝐻𝐺;	[𝐶𝑂] =

2𝑚𝑚𝐻𝑔;	𝐾~z =
'
)kQ

𝐾zO = 0.108𝑚𝑚𝐻𝐺; 𝑛$O = 3.0; 𝑛~z = 1.4.This gives 

𝑃zO =
w159.6𝑚𝑚𝐻𝑔26𝑚𝑚𝐻𝐺 x

`.Q

1 + w159.6𝑚𝑚𝐻𝑔26𝑚𝑚𝐻𝐺 x
`.Q
+ E 2𝑚𝑚𝐻𝑔

0.108𝑚𝑚𝐻𝐺H
'.k =

231.3
1 + 231.3 + 59.5 = 0.79 

 

𝑃~z =
w[𝐶𝑂]𝐾~z

x
r��

1 + w[𝑂)]𝐾zO
x
r\O

+ w[𝐶𝑂]𝐾~z
x
r��, 

 

𝑃~z =
E 2𝑚𝑚𝐻𝑔
0.108𝑚𝑚𝐻𝐺H

'.k

1 + w159.6𝑚𝑚𝐻𝑔26𝑚𝑚𝐻𝐺 x
`.Q
+ E 2𝑚𝑚𝐻𝑔

0.108𝑚𝑚𝐻𝐺H
'.k = 0.21. 

B) Write  

𝑃zO =
w159.6𝑚𝑚𝐻𝑔26𝑚𝑚𝐻𝐺 x

`.Q

1 + w159.6𝑚𝑚𝐻𝑔26𝑚𝑚𝐻𝐺 x
`.Q
+ E𝐶𝑂	𝑝𝑎𝑟𝑡𝑖𝑐𝑎𝑙	𝑃𝑟𝑒𝑠𝑠𝑢𝑟𝑒0.108𝑚𝑚𝐻𝐺 H

'.k 

Plot is shown below 



 
C) equating the probability 

𝑃zO =
w[𝑂)]𝐾zO

x
r\O

1 + w[𝑂)]𝐾zO
x
r\O

+ w[𝐶𝑂]𝐾~z
x
r�� = 𝑃~z =

w[𝐶𝑂]𝐾~z
x
r��

1 + w[𝑂)]𝐾zO
x
r\O

+ w[𝐶𝑂]𝐾~z
x
r�� 

After canceling the denominator 

�
[𝑂)]
𝐾zO

�
r\O

= �
[𝐶𝑂]
𝐾zO

�
r��

→ �
[𝑂)]
𝐾zO

�
r\O

w
𝐾~z
[𝐶𝑂]x

r�\
= 1 

[𝐶𝑂] = 𝐾~z �
[𝑂)]
𝐾zO

�
r\O/��\

= 0.108𝑚𝑚𝐻𝑔 w
159.6𝑚𝑚𝐻𝑔
26𝑚𝑚𝐻𝐺 x

`.Q/'.k

= 5.3𝑚𝑚𝐻𝑔 

Exercise 3) (10 points) Chapter 7, Problem 7.6 
Preamble: partition function 𝑍 = ∑ 𝑔𝑒𝑥𝑝(−𝛽𝜀)(𝜀)𝑒𝑥𝑝(−𝛽𝜀)� , where the summation is 
over all microstates, and  𝜀 is the energy of a group of microstates with the same energy, 
and 𝑔(𝜀) is the multiplicity or the number of microstates that has the energy 𝜀. The 
probability that a microstate with energy 𝜀 is occupied is simply 𝑃(𝜀) = p(�)qX�(3��)

�
.  

A) Compact microstate: energy zero, multiplicity g(0) = 1; open state energy 𝜀, 
multiplicity 𝑔(𝜀) = 3. 

𝑍 = 1 + 3𝑒𝑥𝑝(−𝛽𝜀); 
open (o) conformation probability is 

𝑃$ =
𝑔(𝜀)𝑒𝑥𝑝(−𝛽𝜀)

𝑍 =
3𝑒𝑥𝑝(−𝛽𝜀)

1 + 3𝑒𝑥𝑝(−𝛽𝜀) 

closed conformation probability is 

𝑃a =
𝑔(0)𝑒𝑥𝑝(−𝛽0)

𝑍 =
1

1 + 3𝑒𝑥𝑝(−𝛽𝜀) 



B) Large temperature 𝑇 → ∞	and 𝛽 = '
���

→ 0 and 𝑒𝑥𝑝(−𝛽𝜀) → 1, which gives 

𝑃$ =
3𝑒𝑥𝑝(−𝛽𝜀)

1 + 3𝑒𝑥𝑝(−𝛽𝜀) =
3
4 ; 𝑃a =

1
1 + 3𝑒𝑥𝑝(−𝛽𝜀) =

1
4 

Very Low Temperature 𝑇 → 0	and 𝛽 = '
���

→ ∞ and 𝑒𝑥𝑝(−𝛽𝜀) → 0, 

𝑃$ =
3𝑒𝑥𝑝(−𝛽𝜀)

1 + 3𝑒𝑥𝑝(−𝛽𝜀) = 0;𝑃a =
1

1 + 3𝑒𝑥𝑝(−𝛽𝜀) = 1 

At very low temperature the protein will occupy the compact state with probability 1. 
 

C) Average energy 
 
〈𝐸〉 = ∑ 𝜀𝑃(𝜀)� = ∑ �p(�)�

�
= Q×(Q)qX�(3�Q)7�`qX�(3��)

'7`qX�(3��)
= `�qX�(3��)

'7`qX�(3��)
. 

 
Bonus) (15 points) Just like problem 7.3 we will revisit the MWC model (page 300 to 
301), but we will allow N oxygens (O2) to occupy Ω lattice sites. Now derive the relation 
7.36, but with 𝑥 = a

ab
𝑒𝑥𝑝F−𝛽(𝜀� − 𝜀#$%)G and 𝑦 = a

ab
𝑒𝑥𝑝F−𝛽(𝜀� − 𝜀#$%)G, where 𝜀#$%is 

the energy of the ligand (oxygen) in water, used in the ligand-receptor model in section 
6.1.1. Below is the plot of the MWC model. Pick at least 2 points from each of the 3 
curves to verify that the values shown in the caption is consistent. 

 
   
 
 
 
 
 
 
 

 

 



 
 
 
 

 


