
PHYS3511-Biological Physics 
Fall 2018, Assignment #6 Due Wednesday November 14, 2018 

Read Chapter 6: section 6.1 page 237-248; Section 6.2.2 and 6.2.3 page 262 to 267; 
Section 6.4.1 and 6.4.2 page 270 to 273. The information on these sections may be used 
in multiple-choice questions in quiz 2 and the final exam. 
 
Exercise 1) In Figure below, pick at least two points from each of the three curves, and 
verify explicitly that they are consistent with the ∆𝜖, 𝐾%, 𝑐' and the equation for Pbound. 

 
Begin by calculating the reference concentration, c0. On page 244, the concentration 
(number of particles, or mass, per unit volume) is calculate by (

)*+,-
, where N is the 

number of particles, Ω is the total number of lattices, which follows that Ω𝑉012 is the total 
volume. I emphasized in class that the value of 𝑉012  is arbitrary. On page 244, the authors 
of the textbook state that a reasonable value is 1 nm3. If this were the case then the 
reference should be the value when 1 particle is in a lattice of volume, 𝑉012 = 1𝑛𝑚7. The 
reference concentration is 𝑐' =

8

89:;×8'=>? @;
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= 1 × 10CD𝑚E7. We would like to 

convert this to molar concentration (M), 1𝑀 = 1:1G
H

, with 1𝐿 = 10E7𝑚7, 1𝑚𝑜𝑙 =

6.023 × 10C7, which gives 𝑐' = 1 × 10CD 8

:;×8'; P
@;

8
Q.'C7×8'>;:1G=R

= 1.6:1G
H

=1.6M. 

Note that this is different than the 𝑐' = 0.6𝑀, used in the textbook. This is the value the 
textbook claim to in the equation 6.19. In all calculations we will use 𝑐' = 0.6𝑀. 

𝑃01T9% =
U 𝑐𝑐'

V 𝑒EX∆Y

1 + U 𝑐𝑐'
V 𝑒EX∆Y

, ∆𝜀 = 𝜀0 − 𝜀]1G. 

From equation 6.111, 

𝑃01T9% =
[𝐿]/𝐾%

1 + [𝐿]/𝐾%
, ∆𝜀 = 𝜀0 − 𝜀]1G, 𝑤ℎ𝑒𝑟𝑒	[𝐿] = 𝑐 

 
[𝐿]
𝐾%

= e
𝑐
𝑐'
f 𝑒EX∆Y → 𝐾% = 𝑐'𝑒X∆Y =

𝑒X∆Y

𝑣 , 𝑤ℎ𝑒𝑟𝑒	𝑐' =
1
𝑣 = 0.6𝑀. 

Solving 
∆𝜀
𝑘j𝑇

= 𝑙𝑛 e
𝐾%
𝑐'
f 

In the figure for 𝐾% = 2.2𝜇𝑀 = 2.2 × 10EQ𝑀 

 
 

 
 

 
 



∆𝜀
𝑘j𝑇

= 𝑙𝑛 m
2.2 × 10EQ𝑀

0.6𝑀 n = −12.5. 

In the figure for 𝐾% = 27𝜇𝑀 = 27 × 10EQ𝑀 
∆𝜀
𝑘j𝑇

= 𝑙𝑛 m
27 × 10EQ𝑀

0.6𝑀 n = −10. 

In the figure for 𝐾% = 330𝜇𝑀 = 330 × 10EQ𝑀 
∆𝜀
𝑘j𝑇

= 𝑙𝑛 m
330 × 10EQ𝑀

0.6𝑀 n = −7.5. 

For −𝛽∆𝜀 = − ∆Y
rst

= 7.5, select 𝑐 = 20𝜇𝑀 = 2 × 10Eu𝑀: 

𝑃01T9% =
e2 × 10

Eu𝑀
0.6𝑀 f 𝑒D.u

1 + e2 × 10
Eu𝑀

0.6𝑀 f𝑒D.u
= 0.057 

For −𝛽∆𝜀 = − ∆Y
rst

= 7.5, select 𝑐 = 80𝜇𝑀 = 8 × 10Eu𝑀: 

𝑃01T9% =
e8 × 10

Eu𝑀
0.6𝑀 f 𝑒D.u

1 + e8 × 10
Eu𝑀

0.6𝑀 f 𝑒D.u
= 0.19 

These two values match the green plot above. 
For −𝛽∆𝜀 = − ∆Y

rst
= 10, select 𝑐 = 20𝜇𝑀 = 2 × 10Eu𝑀: 

𝑃01T9% =
e2 × 10

Eu𝑀
0.6𝑀 f 𝑒8'

1 + e2 × 10
Eu𝑀

0.6𝑀 f𝑒8'
= 0.42 

For −𝛽∆𝜀 = − ∆Y
rst

= 10, select 𝑐 = 80𝜇𝑀 = 8 × 10Eu𝑀: 

𝑃01T9% =
e8 × 10

Eu𝑀
0.6𝑀 f 𝑒8'

1 + e8 × 10
Eu𝑀

0.6𝑀 f𝑒8'
= 0.75 

These two values match the blue plot above. 
For −𝛽∆𝜀 = − ∆Y

rst
= 12.5, select 𝑐 = 20𝜇𝑀 = 2 × 10Eu𝑀: 

𝑃01T9% =
e2 × 10

Eu𝑀
0.6𝑀 f 𝑒8C.u

1 + e2 × 10
Eu𝑀

0.6𝑀 f 𝑒8C.u
= 0.11 

For −𝛽∆𝜀 = − ∆Y
rst

= 12.5, select 𝑐 = 80𝜇𝑀 = 8 × 10Eu𝑀: 

𝑃01T9% =
e8 × 10

Eu𝑀
0.6𝑀 f 𝑒8C.u

1 + e8 × 10
Eu𝑀

0.6𝑀 f 𝑒8C.u
= 0.972 

These two values match the red plot above. 



Exercise 2) Chapter 6, Problem 6.3 
A) This would simply be equation 6.18, 

𝑃01T9% =
(𝑐/𝑐')𝑒EX(∆Y)

1 + (𝑐/𝑐')𝑒EX(∆Y)
, 𝑤ℎ𝑒𝑟𝑒	𝑐 = 𝑙𝑖𝑔𝑎𝑛𝑑	𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑎𝑡𝑖𝑜𝑛, 

c0 = 0.6 M being the reference concentration used in exercise 1, ∆𝜀 = 𝜀0 − 𝜀]1G. 
In this case, the ligand will be RNA polymerase binding to non-specific DNA 
sites, with energy, 𝜀�%(�, and to (specific) lac P1 and T7A1 promoter on DNA, with 
energy, 𝜀�%� . For detail look at equation 6.31 and read page 247 and 248. 

B) We have in vitro (test tube) experiments data of dissociation constant, Kd, of 
RNA polymerase, ∆𝜀 = 𝜀�%

�/(� − 𝜀]1G,�, with 𝜀]1G,� being the energy of RNA 
polymerase in solution, and 𝜀�%(� and 𝜀�%�  being the binding energy of RNA 
polymerase to non-specific (NS) and specific (S) DNA site, respectively. 
 
For non-specific sites, 𝐾% = 10𝜇𝑀. Now use the result of exercise 1) 

𝐾% = 𝑐'𝑒X∆Y →
∆𝜀
𝑘j𝑇

= 𝑙𝑛 e
𝐾%
𝑐'
f = 𝑙𝑛 m

10Eu𝑀
0.6𝑀 n = −11, 

∆𝜀(� = 𝜀�%(� − 𝜀]1G,� = −11𝑘j𝑇 
For specific RNA polymerase binding to lac P1 promoter 𝐾% = 550𝑛𝑀 

∆𝜀G���8
𝑘j𝑇

= 𝑙𝑛 e
𝐾%
𝑐'
f = 𝑙𝑛 m

5.5 × 10ED𝑀
0.6𝑀 n = −13.9, 

∆𝜀G���8 = 𝜀�%
�,G���8 − 𝜀]1G,� = −13.9𝑘j𝑇 

Hence the in vivo binding energy 
∆𝜀��G���8 = 𝜀�%

�,G���8 − 𝜀�%(� = ∆𝜀G���8 − ∆𝜀(� = −2.9𝑘j𝑇 
For specific RNA polymerase binding to T7 promoter 𝐾% = 3𝑛𝑀 

∆𝜀tD
𝑘j𝑇

= 𝑙𝑛 e
𝐾%
𝑐'
f = 𝑙𝑛 m

3 × 10E�𝑀
0.6𝑀 n = −19.11, 

∆𝜀tD = 𝜀�%
�,tD − 𝜀]1G,� = −19.11𝑘j𝑇 

Hence the in vivo binding energy 
∆𝜀��

�,tD = 𝜀�%
�,tD − 𝜀�%(� = ∆𝜀tD − ∆𝜀(� = −8.11𝑘j𝑇 

Exercise 3) Combine the plot below with your results of ∆𝜖�%from exercise 2, and the 
relation of Pbound. To estimate the values of NNS for both curves. 

    
Use equation 6.23, 𝑃01T9% =

8

8����� ��∆���
. 

 

 

  



For lac P1, for number of RNA polymerase, with 	𝛽∆𝜀��G���8 = −2.9,    P = 300, 
𝑃01T9%~10E7 → 1000 = 1 + (��

7''
𝑒EC.� → 𝑁(� = 5.4 × 10Q. This is very close to the E. 

Coli DNA length of ~5 × 10Q𝑏𝑝. Of course this is based on an approximate value that I 
read from the plot. 
 
For T7 A1, for number of RNA polymerase, with 	𝛽∆𝜀��tD = −8.11,    P = 100, 
𝑃01T9%~10E8 → 10 = 1 + (��

8''
𝑒E�.88 → 𝑁(� = 5.9 × 10Q. This is on the large side, 

since phage T7 genome size is about 2 × 10u. Most likely this is because most in vivo 
(living) experiments are performed in E. Coli, in this case the DNA gene of the T7 Phage 
may have been spliced onto the E. Coli DNA. 
 
Important points for final exam: 1) students should understand why we can us the same 
values for NS, and different values for S (lacP1 and T7); 2) students should understand 
why some values are in vitro, while others are in vivo. 
 
Exercise 4) Chapter 6, Problem 6.5  

The left figure 
shows the binding 
model when the 
ligands are 
indistinguishable. 
For example, if all 
ligands are on the 
lattice (no 
binding), the 
multiplicity of L 
ligands on Ω 
lattice sites is 

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑖𝑡𝑦 =
Ω!

𝐿! (Ω − 𝐿)! 

The L! is needed to correct for the overcounting. On the other hands if the ligands are 
distinguishable then the multiplicity of arranging L ligands on Ω lattice sites is 

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑖𝑡𝑦 = Ω(Ω − 1)(Ω − 2) ∙∙∙ (Ω − L + 1) =
Ω!

(Ω − 𝐿)!. 

For the case with one bound ligand and 𝐿 − 1ligands on the Ω lattice sites, the 
multiplicity is 

𝑚𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑖𝑡𝑦 = Ω(Ω − 1)(Ω − 2) ∙∙∙ (Ω − L + 1)(Ω − L + 2) =
Ω!

(Ω − 𝐿 + 1)! 

Using the above the partition function: 

𝑍 =
Ω!

(Ω − 𝐿)! 𝑒
EXHY�,� +

Ω!
(Ω − 𝐿 + 1)! 𝑒

EX(HE8)Y�,�𝑒EXY+ 

The probability of a bound ligand is 

 



𝑃01T9% =

Ω!
(Ω − 𝐿 + 1)! 𝑒

EX(HE8)Y�,�𝑒EXY+

Ω!
(Ω − 𝐿)! 𝑒

EXHY�,� + Ω!
(Ω − 𝐿 + 1)! 𝑒

EX(HE8)Y�,�𝑒EXY+
 

If we divide by the numerator and denominator by 
Ω!

(Ω − 𝐿)! 𝑒
EXHY�,�  

We obtain 

𝑃01T9% =

(Ω − 𝐿)!
Ω! 𝑒XHY�,� Ω!

(Ω − 𝐿 + 1)! 𝑒
EX(HE8)Y�,�𝑒EXY+

1 + (Ω− 𝐿)!Ω! 𝑒XHY�,� Ω!
(Ω − 𝐿 + 1)! 𝑒

EX(HE8)Y�,�𝑒EXY+
 

Using 
(Ω − 𝐿)!
Ω!

Ω!
(Ω − 𝐿 + 1)! 𝑒

XHY�,� × 𝑒EX(HE8)Y�,�𝑒EXY+ =
1

(Ω − 𝐿) 𝑒
EX(Y+EY�,�),	 

and 	∆𝜀 = 𝜀0 − 𝜀]1G, and assume dilute condition Ω − 𝐿~	Ω, we obtain𝑃01T9% =

(8/))�=�∆�

8�(8/))�=�∆�
=

e P
�+,-

fe P
�+,-

f
=RR

��
=�∆�

8�e P
�+,-

fe P
�+,-

f
=RR

��
=�∆�

, 𝑃01T9% =
e P
��+,-

fe P
�+,-

f
=R
�=�∆�

8�e P
��+,-

fe P
�+,-

f
=R
�=�∆�

. 

Now note that in the textbook 𝑉012 is the volume of 1 lattice, hence Ω𝑉012 is the total 
volume of the system, and 𝑐 = H

)*+,-
 is the concentration of the ligand. If we define 𝑐' =

H
*+,-

 is the reference volume, we obtain 

𝑃01T9% =
U 𝑐𝑐'

V 𝑒EX∆Y

1 + U 𝑐𝑐'
V 𝑒EX∆Y

. 

Note that defining 𝑐' =
H

*+,-
 as a reference concentration is valid since the value of  𝑉012  

is completely arbitrary. 
NOTE: 𝑃01T9% is a thermodynamics quantity. That the result of 𝑃01T9%is the same 
regardless of whether the ligands are distinguishable or indistinguishable, means that 
thermodynamics measurements cannot be used to detect quantum properties, such as 
the indistinguishability of identical particles (ligands). The exception is liquid helium 
4, which does have some measurable quantum thermodynamics properties. 
 
Exercise 5) Chapter 6, Problem 6.9 
We will use equation 6.92 for the osmotic pressure, 𝑃 = 𝑛]𝑘j𝑇, where 𝑛] =

(�
*

 is the 
number concentration of the solute. 
For proteins, the table on the next page gives 𝑁] = 2.6 × 10Q, with E. Coli volume 𝑉 =
1𝜇𝑚7 = 1 × 10E8�𝑚7. Note that it is good practice to work in SI unit. This gives, 𝑛] =
(�
*
= 2.6 × 10C�𝑚E7. P= 𝑛]𝑘j𝑇 = 2.6 × 10C�𝑚E7(1.381 × 10EC7𝐽 ∙ 𝐾E8)(300𝐾) =

1 × 10u𝑁 ∙ 𝑚EC = 1 × 10u𝑃𝑎 = 1𝑎𝑡𝑚.  



 

 

 

 
 
 
 
 
 
 
 

 
 
 

 

 

 


