
PHYS	3511,	Biological	Physics,	Assignment	5	
Due	Thursday	March	16.	This	assignment	is	to	be	handed	in.	A	small	
part	of	this	assignment	will	also	be	part	of	quiz	2	on	Thursday	March	16.	
	
QUESTION	1	Levinthal’s	Paradox	two	ways:	The	TrpCage	protein	is	a	20	amino	
acid	(aa)	residue	peptides	that	was	at	one	time	the	fastest	folding	protein.	It	can	fold	
from	an	unstructured	unfolded	U	state	to	a	compact	native,	N,	state	in			τ fold = 4µs .	

A) Assume	that	each	of	the	N	=	20	amino	acid	(aa)	of	the	TrpCage	can	assume	2	
conformation	leading	to	a	total	conformation	of			2N 	for	the	protein.	Assume	
as	Levinthal	did,	that	the	N	state	is	associated	with	only	one	of	these			2N 	
conformations.	If	it	takes	1	picosecond	=	!	" #! " $s 	for	an	aa	to	change	
conformation,	estimate	the	time	it	would	take	for	the	protein	to	reach	the	
folded	N	state.	Compare	this	with	the	actual	folding	time	of

!!
!

"#$%
= " µ&.	NOTE:	

i)	!" =#$$%&$# 	;	you	should	find	that	here	the	approximation	is	not	too	bad!.	
B) In	2006,	Rose	et	al	presented	a	better	theory	(	Proc	Natl	Acad	Sci	USA	

103:1744–	1749,	2006),	where	it	is	argued	that	Ramachandran	plots	show	
that	aa	occupy	nine	distinct	conformations.	In	this	case	the	total	number	of	
conformation	should	be			9N .	Estimate	the	folding	time	and	comment.	
ANSWER:			107 s 		

IMPORTANT	POINT:	Since	the	TrpCage	is	small	it	may	be	possible	to	do	your	
calculation	directly	with	a	calculator.	Also	note		 9∼100.954 .	
	
QUESTION	2	Debunking	the	Lenvinthal’s	Paradox	with	Thermodynamics:	A	
thermodynamics	study	at	 T = 25 !C of	the	TrpCage	protein	(a	20-residue	protein)	
found	that	when	the	protein	unfolds	from	the	native	state	(N)	to	the	unfolded	state	
(U),	ΔH = 56kJ /mol ,	and	ΔG = 3kJ / mol ,	where	ΔG = GU −GN ,	withGU and	GN

being	the	Gibb’s	free	energy	of	the	U	and	N	states,	respectively.		
a) Calculate	ΔS = SU − SN ,	where	SU and	 SN are	the	Gibb’s	entropy	of	the	U	and	N	

states,	respectively.	
ANSWER: 178J /K imol 		

b) Use	the	definition	Si = R lnΩi ,	with	 R = 8.314J / K •mol ,	where	Ωi is	the	
number	of	conformation	per	protein.	Assuming	that	the	number	of	
conformation	of	the	native	state	is	ΩN = 1 ,	find	the	number	of	conformation	
for	the	unfolded	state	ΩU .	
ANSWER:	2 ×109conformations 	

c) Use	the	Levinthal’s	argument,	and	assume	that	each	conformation	step,	in	the	
random	search	to	go	from	the	U	state	to	the	single-conformation	N	state,	
takes	about	a	picosecond	or	10−12 s .	Estimate	the	average	folding	time	of	the	
Trpcage.	Compare	this	with	the	actual	folding	time	of	 t fold = 4.0µs .	
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QUESTION	3	Free	Energy	of	Trpcage	Proteins	This	question	uses	the	data	of	the	
TrpCage	of	Question	2.	

A) Calculate	the	volume	of	one	folded	(N)	protein	using			vN = (4/3)πRG
3 ,	where	

the	radius	of	gyration	is	found	by		RG = N /6( )1/3L 	valid	for	a	folded	protein	(or	
compact	polymer).	Then	calculate	the	volume	of	one	unfolded	(U)	protein	

using			vU = 4/3( )πRG3 	,	where		RG = N /6( )3/5L 	valid	for	an	unfolded	protein	(or	
extended	polymer).	Then	find	the	volumes	for	one	mole	of	proteins,	by	

	VN =NAvN ,	VU =NAvU ,	with		NA =6.023×1023 .	Hence	calculate	ΔV =VU −VN .	Note	

that	answers	should	be	in	unit	of			 m3 imol−1 .	

ANSWER:	
		
ΔV =VU −VN =6.94×10−3 m3

mol
		

B) Using		ΔH =HU −HN and	ΔH = ΔE +PΔV ,	along	with		ΔV =VU −VN 	from	part	A),	

calculate		PΔV and		ΔE = EU −EN .	The	answers	should	be	in	units	of			 kJ imol
−1 .	

Partial	Answer:	
		
PΔV =0.694 kJ

mol
	

C) In	the	canonical	ensemble	(constant	volume	and	temperature)	it	is	the	
Helmholtz	free	energy,		F = E −TS ,	that	is	minimized.	Use	previously	
determined	results	to	calculate		ΔF = FU −FN = ΔE −TΔS ,	at T = 25 !C .	Find	the	

folding	temperature,		TF 	,	when	the	N	and	U	states	are	equally	stable.	NOTE:	

As	discussed	in	class	if			ΔF >0→ FU > FN 	and	the	folded	N	state	of	the	protein	

is	stable,	but	if			ΔF <0→ FN > FU 	and	the	unfolded	U	state	of	the	protein	is	
stable.	The	folding	temperature,	TF,	occurs	when			ΔF =0 .	

D) For	the	Gibbs	ensemble	(constant	temperature	and	pressure),	it	is	the	Gibbs	
free	energy	that	is	minimized.	From	Data	from	question	2,	find	the	folding	
temperature	in	the	Gibbs	ensemble.	HINT:	use	same	method	as	part	C.	
ANSWER:		TF =314.6K 		

E) If	the	TrpCage	protein	were	in	an	isolated	system	(micro-canonical	
ensemble),	would	be	the	stable	state	(U	or	N)?	HINT:	for	an	isolated	system	
use	the	second	law	of	Thermodynamics.	

	
QUESTION	4	Modified	Lenvinthal’s	model.	This	question	is	based	on	the	work	of	
Leandro	Martinez	(Journal	of	Chemical	Education,	2014,	91,	1918−1923).	Assume	
that	on	average	after	a	period	of	τ,	each	amino	acid	experience	a	perturbation	in	
which	in	can	be	in	the	correct	conformation	(c)	with	probability	α,	and	be	in	the	
incorrect	conformation	(i)	with	probability	1	−	α.	It	can	be	shown	that	after	a	time	



t,	the	protein	will	be	in	the	unfolded	(U)	state	with	probability			PU t( ) = 1−α N( )t/τ ,	
and	that	it	will	be	in	the	folded	native	(N)	state	with	probability:			PN t( ) =1−PU t( ) .	It	
can	be	shown	that	that	the	folding	time	is	the	time,			t1/2 		when	the	protein	has	a	0.5	

probability	of	being	in	the	N	state	gives:	
		
0.5= 1−α N( )t1/2/τ → t1/2 = τ

−0.693
ln 1−α N( ) 	.	For	a	

folding	–funnel	landscape	(i.e.	biased	to	the	N	state)	we	find		0.5<α <1 	.	
A) For	the	TrpCage,	assume			τ =10−12s 	,			t1/2 = τ fold = 4µs 	the	experimental	folding	

time.	Using	N	=	20	(number	aa	for	TrpCage),	calculate	α.	
ANSWER:		α =0.459 	Note	that	this	is	unusual	as	for	most	proteins		α >0.5 ,	
but	the	TrpCage	is	not	a	natural	protein.	In	fact	it	is	much	smaller	than	most	
proteins,	which	account	for	the	unprotein-like	answer	that	we	get	for	
question	4.	

B) Assume	that	the	probability	of	an	aa	being	in	the	c	conformation	is	

		Pc =α = Aexp −EC /RT( ) 	,	where	A	is	a	constant,		EC 	the	internal	energy	of	the	
aa	in	the	c	conformation,	and			 R =8.314 J iK

−1 imol−1 is	the	gas	constant.	
Similarly,	the	probability	of	an	aa	being	in	the	i	conformation	is	

		Pi =1−α = Aexp −Ei /RT( ) 	,	where	A	is	a	constant,		Ei 	the	internal	energy	of	
the	aa	in	the	i	conformation.	Taking	the	ratio,	

		

Pc
Pi
= α
1−α = exp −

ΔEci
RT

⎛

⎝⎜
⎞

⎠⎟
,	which	

gives	
		
ΔEci = Ec −Ei = −RT ln

α
1−α

⎛
⎝⎜

⎞
⎠⎟
	.	Use	your	answer	from	part	A,	to	

calculate		ΔE 	at	room	temperature	for	the	TrpCage	protein.	Compare	your	
answer	to	the	result	of	part	B	of	question	3.	NOTE:	For	the	comparison	
calculate		ΔE 	of	question	3	to	internal	energy	per	aa.	
Partial	Answer:	you	should	get			ΔEci >0 ,	which	is	opposite	of	the			ΔEci <0 ,	
obtained	for	the	RNASE	A	example	below.	

	
	
RNASE	A	EXAMPLE:	
This	is	a	protein	of	N	=	124	aa	residue,	wher	experimental	data	find,	

ΔH = HU − HN = 484 kJ
mol

and
 
ΔS = SU − SN = 1.46 kJ

K imol
.	

For	system	in	the	Gibbs	ensemble	(constant	pressure	and	temperature)	the	
stable	state	(N	or	U)	is	the	one	with	lowest	Gibbs	free	energy.	The	folding	
temperature,		TF ,	is	found	by,			ΔG =GU −GN = ΔH −TFΔS =0 ,	

		 
TF =

ΔH
ΔS

= 484kJ imol−1
1.46KJ imol−1 iK −1 =331K 		



For	system	in	the	canonical	ensemble	(constant	volume	and	temperature)	the	
stable	state	(N	or	U)	is	the	one	with	lowest	Helmholtz	free	energy.	But	first	we	
find	ΔF = FU −FN = ΔE −TΔS ,	where	ΔE = EU −EN is	the	difference	of	internal	

energy	between	the	U	and	N	state.	NowΔH = ΔE − PΔV ,	where		ΔV =VU −VN .	The	

volume	of	one	RNASE	A	in	the	U	state
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The	volume	of	one	RNASE	A	in	the	N	state
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Modified	Levinthal’s	Theory:	
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	.	Experiments	show	that	the	folding	time	of	

RNASE	A	is	about	one	second,	so	use
!!
"

" #$
=" #,	the	conformation	fluctuation	time,	

!!! =" #" " $ " ,	and	N	=	124
!
! "# $" # $%&( ) = " ' () * $$+" $* ,	which	we	now	solve	for	 ! .	

To	solve	assume	that	!!
" #$ 	is	a	very	small	number,	then	using	Taylor	expansion,	

! 
"# $! " $%&( ) ! ! " $%& ,	which	give,	!!

" #$ =%&' ( " " ) #" ( .	To	solve	take	log	(base	10)	of	

both	sides:	
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Verify	by	taking	!!
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temperature)	to	estimate	
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	calculated	from	thermodynamics	data.	Note	that	the	signs,	
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$
<" since	the	correct	(c	)	conformation	should	have	lower	energy	

than	the	incorrect	(i)	conformation.	On	the	other	hand	!!! " = "
#

" "
$

>" 	since	the	
U	state	should	have	higher	internal	energy	than	the	N	state.	Of	course	the	c	
conformation	is	associated	with	the	N	state,	while	the	I	conformation	is	
associated	with	the	U	state.	
	
	

	


