Useful Equations
First Law of Thermo Q=W +AE. Ideal Gas PV = NkT, k,=1381x107] /K

Equipartition E = ( f/ Z)NkT, f = active degrees of freedom. Heat capacity of ideal gas

C, = iNk, C,= iNk+Nk . Entropy of Monatomic ideal gas, Sackur-Tetrode
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Equation S=k_ InQ =Nk, |In v >
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Canonical Ensemble: partition function Z = Zex ( E, / kT) ; probability of occupying

statej,%z@;<E>=kT [a(an)] <E>+kan

oT

In the above Z can be N-particle or one-particle partition function. For one-particle
partition function Z_ , the following relations are valid:N distinguishable non-

interacting particles, Z, =Z f’ ; N indistinguishable non-interacting particles, Z, =Z iv /N!

.Semi-classical one-particle partition Z, = jOmD(e)exp(— ﬁe) .

Gibb’s Method for finding density of state, which in three dimensions (3D) is

(Position Volume)( Momentum Volume)
h3

|4 :
= ﬁémpzdp . Then uses the free particle

21(2m)” Vel
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dispersion relation € = p* /2m — de =2pdp / mto give D(e) = . Number of

particle state with energy e=¢€ toe=¢,, Ng1 .= J:Zd ED(E) . Integrals:
j:exp(—axz): N /2a"*, j:xz exp(—ax2)= \/;/4613/2 , j:x‘* exp(—axz) = 3x/;/(8a5/2) ,
j:exp(—ax) = (1 /a) ; j:xexp(—ax) = (1 /az) ;j:x” exp(—ax) = (n!/a”“)

Stirling’s Approximation: InN!=NInN-N
Chemical Potential: Energy needed to put one particle into a system.
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Grand-canonical Ensemble
Grand partition function, = = ZZN’ exp(— ﬁEi) ,Z= exp( ﬂu) :
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Probability of state i with energy E; and particle number N;, P =

[1]



dJln=

and average particle number<N > N=z 8lnu
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Average Energy <E > = —[

Grand Potential Qg = —kBTlnE =-PV
Fermi-Dirac (FD) Degenerate gas

1

Average number of particle in state of energy 8,< >FD (ﬁ )+1 ,Z= exp( ﬁ,u) .
z "exp| Be
N= z ! =["de D(e),%21n2=21n(1+zexp(—ﬁs)).
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e Z expﬁ) oz exp(ﬁ8)+1
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IZ—T:L deD(e n(1+zexp(—ﬁe)).

Fermi-Dirac Functions fv(z): r(l )J‘: _ x”(dx)+1 ,F(v):(v—l)!
V)"0 z7 exp(x

r(m+1)=m!, m=0,1,2.,00=1 ;F(m+%j= 1.3.5"'(27”_1)\/;,”1:1,2,3..,F[%J=\/;
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Useful for classical limit, low z, f (z) =Z-—4+———+....
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Low temperature limit, z = exp( ﬂu) ,E=Pu=Inz:

fv(z)zi)[m(v Y L1 L } e

r(v+1 360 &*
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fs/z(z):ﬁ(mzf“{“%oﬂt)z+.}, ()= (2 )3/2{”%(1:2)”"]‘
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de—

T ~0, 3D with dispersione=p* /2m,N = J.:FD(S)dS :JOSFZX

h3

Fermi Energy € h—[ 3N J ; Fermi temperature T, _&e Energy
P 2m\8aV ) Tk

B
<E> = j:F SD(S)de =§N8F , Chemical Potential u=¢€_.

Finite but sufficiently low temperature, equations valid for all Fermion system

I D/(&‘F) 2 T’ 2 &
p=g,—— (k,T) .<E>:EQS+ED(8F)(I<BT) E, =] "deeD(e). (FD1ABC)
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EXAMPLE: 3D Fermi Gas with D(e) —2% ,
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N_(hz/(zm))3/2 F(3/2)J. dgzlexp(ﬁS)Jrl’Wherer(z]_ 5 . Usex = fe kT
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(h2 /(kaBT))g/2 F(3/2) '[0 e z! exp(x)+ 1’ N= ?f:“/z (Z) A= (ZﬂkaT)l/z
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Also can show%:J:deD(e)ln(1+zexp(—/38)):?fs/z(z) .
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= k,T
(E)=- dln i =InZ,(E)= 3% yr §Nk Tfs/2
B kT 2 13 2 f
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Chemical potential at Low T: fg/z( ) ﬁ(lnz)y2 1+%( 1)2+.. ,Z=exppu.
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Zeroth order solution keeps the first term on right hand side (RHS) to give t=¢,, . First
-2/3

2
order approximation keeps up to T order in RHS = £, 1+%[L] +.| ,anduse
u

kT
=g, on that term, then Taylor expand u=¢, 1—6[ ] +. .

For the energy, <E > = gNkBT& , which can be combined with
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Useu=e¢, 1—”—( & ] +.. for 1* term, and =g, for other 2 terms, and Taylor
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NOTE: 1) For different dimension or dispersion relation, we will obtain different D(e) ,
and the same method can be used to obtain this result, or simply use (FD1ABC); 2) For
classical results (High T, or dilute low N/V) use low z expansion of f (Z) , and you

should recover the classical ideal gas results.

Bose-Einstein (BE) gas

X v-1

z exp(x)—l '

Bose-Einstein(BE) function: g = 1 Jm
BRUS

2 3 4
Z

Expansion form, g = Z+T+3_V+E+"" , 1<z <0.High T (classical), g =z, small z.

Low temperature,z—1, g, (1) = C(v) the Riemann-Zeta function.

3/2
3D BE gas with dispersion relation £ = p—Z,D(s) = Mel/z,
2m h
- Dle)de Vg, \z PV - Vg. . \z
=], z‘lex(p()ﬁe)—lz 123( ),and kBT:_-[O deD(e)ln(l—zexp(—ﬂg)):—5)/53( ),
A= ﬁ <E > = —(g—gly, q= % Heat capacity, constant volume,



AE) OH .
C,= (EBTJ , constant pressure, C, = [a_r , Enthalpy H = <E>+ PV . Using
NV

N,P

3 vV 3 9\ 2 2
above we can show<E> = EkBTFQS/Z(Z): ENkBTﬁgzg, also PV = §<E> .

Heat Capacity Cv : <E> is a function of T and z (or V), with fugacity z = exp(ﬁu) :

Cﬁ[ag?] =§Nk3 gs/z(z)w ! (aag;/z} _ng/z(z)(aag;/z] .
NV g3/2(z) g3/2(z) NV g3/2(z) NV

0 0 Vg, |z
We must find{ 93/2} an({ﬂ} .Start with N = 93)1_23() - g3/2(z) = %13, and
N)JV N)JV

oT oT
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_ag 3 z dg
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AP oe<T —>[ T J = 2T93/2(z).Butusmg,gv(z)—z+zv+...—>zdZ =9, .
NV

a9, dg,,( 9z 3 0z 39

. . /2 _I3p _ _ 2 I3p

Wthhgwes[ T } ~dz \oT) 2Tg3/2(z)_) or )~ “arg
NV NV Ny 1/2

{ag_/} dg_/(a_] _ 30, d[ag_/] 3094,
aT w dz \ oT vy 2T g, oT N‘V 2T g,,
C, _1_595/2(2)_293/2(2)

Nk, 4 g,,(z) 49,,(2)
Special Behavior of BE gas at Low Temperature

Using the above relations,

,T>T

B"

At Low temperature,z—1, g, (Z = 1): C(V) . Some values areC(Z): %2 ; 5(4) = % ;
n® (3 5 7
£(6)= " ;C(Ej: 2.61238; C(Ej: 1.34349;@(5} 1.12673;¢(3)=1.20206 ;

£(5)=1.03693;¢(7)=1.00835.

Some values of v have special behaviorasz—1,or a >0 z= exp(ﬁ/,t) =exp—o.
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EXAMPLE: 3D Bose-Einstein Gas with D(e) = 13
(= D(E)dg _27[(21’7’1)3/2[/ o 81/2 B B £
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The integral neglect the number of particles in the ground state, N, also called<nl> , SO
that the relation above is really for particle in the excited states, N, = % 93/, (Z) . The total

number of particles is N=N_ +N_, and above the transition temperature, T > Tg, the
number of particle in the ground state is zero, N, =0,N =N . For T>T,_, zis a small

positive number, butas T—>T,,z—>1, andg3/2(z) - g3/2(1)=C(3/2). ForT<Tg, z=1,

vV vV ..
and Ny > 0, andN PE 39, (1) 13 (3 / 2) To find the transition temperature Tg, note

that at this temperature T = T, N =N, soN = %C [%} =

(h?’ /(27emk,T, )" 2) 2)
3/2
R N _ v 3
which gives T/ _(Zﬂ'ka J [VC(3/2)]' For T<Tg, N = (}f* /(zﬂkaT)3/2)C(2] )

h2 3/2 N -1 T 3/2 T 3/2
N, =NT** [ ] —— =N[—] ,N=N-N =N 1—(—] :
2amk, ) | v¢(3/2) T, T

EXAMPLE: 2D BE system, with dispersione = p® /2m.

: ) A : .
Start with quantum counting Z() - ?andp in 2D, where A is the total area,
accessible to the gas. Use dispersion relation € = p* /2m — pdp=mde ,

Z() - %andp = %Zﬂmde , andD(g) = %an .

- Dle)de  2nma - 1
N=l, z‘lexp(ﬁe)—l_ % I‘) s exp(ﬁe) 1’ » withx= e,
N:Ardx; A[ln 1- zexp } —>N:——ln(1 Z)
A2 0 Z*Iexp( ) 1 A 0

Since N>0,0<z<l,s0asz—>1,N=N_ — o, so unlike in 3D there is no limit on the

number of particles can occupy the excited states. Hence it appears that there BE
condensation do not occur in 2D for ideal BE gas.
EXAMPLE: Size of White Dwarfs




L M 1GM .
Gravitational pressure P — R(—G—] that tending to collapse star.

gravity - (47_L_R3 /3) 2 RZ
23V w( N )

Fermi gas pressure P, =—| — | —| ——— opposing collapse of star.
587 ) 2m| (47R° /3)

Here m is the mass of an electron. If we assume that the star is made up of He4 (2 protons
+ 2 neutrons), then the number of nucleons (protons or neutrons) in the star is about

M : ) ~ )
N =—, where M is the “effective” mass of the star, and m = 1.67x107% kg is mass of

n

m
p

N M .
a nucleon. There are 2 electrons per He4, the number of electrons N =—=—— which

2m
p
n 5/3
: 2( 3 h 1 5/3 .
givesP =—| — | —|——F———=| M’ .Atequilibrium the two pressures must
587 ) 2m| 2m (47R° /3)
1/3
R M 30 .
beequal: L =P ~ ——=C| —>| ,whereM_=1.9891x10"kg is the mass of the
gravity RO M ©

sun, andR_ = 6.957 x10°m is the sun’s radius, and C is the constant to be determined.

EXAMPLE:Photon Gas Density of state of EM modes in the frequency rangevtov+dv

DEMdv = (

F=-k,TInZ, , whereZ, is the N-particle partition function. For identical non-

8—73[vade . Helmholtz Free Energy is F = <E >— TS , and equation 7.10, it is
c

interacting distinguishable particles Z, =Z iv , where Z_ is the one-particle partition

function. Hence,the N-particle Helmholtz free energy is essentially additive:

N
F(N)==k,TInz} = -k TInZ, + constant, where Z, =Z,=Z,..=Z,.
i=1

N
Using Z = Zexp(— ﬁe) , where it is possible for two or more states to have the same
€

energy. For indistinguishable and identical photons of a single mode with frequency, v,
and energy € =nhv , where n is the number of photons of that mode, and

Z= iexp(—ﬁnhv) , ir” =
n=0 n=0

n

1_ k+1 ) 1
1jr ,szga[exp(—ﬂhVﬂ :—1—exp(—ﬁhv)‘

)] . Integrate by parts,

thoton = Zli_k BTln Zi = _kBTJ.: dVDEM (V)ln[ 1- exp(—ﬁhv
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- 3 exp|-phv kT)\ n*
F. =—kT 8_737: V,Bh_[ dvv—M:—kBT 8_7: 74 -
photon c o 3 1—exp(—ﬁhv) c h ) 45

In above we used the substitution x = Bv, and the Riemann-Zeta Function { (4) .

Free Energy 1* Law of Thermo, Change in Energy AE =TAS—PAV , but with
inclusion of chemical potential, u, AE =TAS — PAV + UAN , so we say that energy,

E (S VN ), is naturally a function of thermo-variables S, V and N, we can use this to

determine the partial differentiation identity of 10.8, 10.9, and also(aE /ON ) SEH But

S,

we can also write AS = %AE+§AV—%AN , which means that Entropy S(E,V,N) i

naturally a function of thermo-variables E, V and N, and consequently we can use this

to find,(3S /OE) =1/T,(3S/aV) =P/T,(dS/IN) =-u/T.

V.,N E,N EV
Helmholtz Free Energy: Suppose we want a free energy, that is naturally a function of
T, V and N, we can see that we must eliminate AS from AE =TAS — PAV + uAN . If you

think about this, it is easy to see that this is Helmholtz Free Energy F = E —TS . Take the
differential we get AF = AE—TAS —SAT , which combine with AE =TAS — PAV + uAN
gives AF =—SAT — PAV + uAN , which means that F (T,V,N ) is naturally a function of T,

V,N.TakethedifferentialF(T,V,N)%AF:(E;—;J AT+(§—§] AV+(§—Z] AN,
V.,N T,N TV

=u.

and compare with the original AF , to obtain B_F =-5; B_F =-P; a—F =
oT aV - oN .

V,N

Helmholtz Free Energy is associated with the canonical ensemble, where F=—k TInZ,

where Z = z exp(— ﬁe) is the partition function.
Important: In the microcanonical ensemble the second law states that a system will
evolve to an equilibrium state that maximizes the entropy S (E ,V,N ) In the canonical

ensemble it will evolve to a state that minimizes the Helmholtz Free energy F (T,V,N ) .
Other free energies are Enthalpy H (S ,P,N ) and Gibb’s Free energy G(T,P,N ) .
CONSTANT: Boltzmank, =1.381x107 ] /K ; Planck’sh=6.626x10"* ] «s ;

Nucleon’s mass (proton or neutron)m =1.67x107*"kg ; electron’s mass

m=9.11x10""kg ; Avogrado number N, =6.023x10*mole™;

2 3
X

G=6.67x10""m’ kg +s* Taylor Series: ln(1+x) = x—%+?... ;

L:1+x+x2+x3+...;(1+x)a ~1+ax small x;exp(x):1+x+x—+...
1-x



