Kinematics in 2D and 3D

Chapter 4



Position Vector in Three Dimensions (3D)

* 1 = (1,0,0) along x-axis ; PATH of object
« 7 = (0,1,0) along y-axis
« k = (0,0,1) along z-axis
* Position Vector

» 7(t) = (x(8),¥(6), 2(t) )

X1

/ yj




Figure 4.1.1 from textbook
? =xi+y]+ k. (4.1.1)

The vector components are xi, yj, and zk, and the coefficients x, y, and z in front of the unit vectors are the scalar
components.
In the following figure, a particle is located at coordinates (—3 m, 2 m, 5 m).

5 m)ll (2m)) _
(=3 m)i
- .\'

0

Fiaqure 4.1.1



Displacement in Three Dimensions (3D)

* Position Vectors 7 PATH of object

* Initial time t4

* 71(t1) = (x1(t1), ¥1(t1), 21(t1) )
* Final time ¢,

* T2(t2) = (x2(t2), ¥2(t2), z2(t2) )

* Displacement /
— — — X
*Ar =7, — T4

c AT = (x5 —x )i+ (2 —y)j + (2, — z1)k




Average Velocity in Three Dimensions (3D)

Position Vectors
Initial time t,

« 71(t1) = (x1(t1),y1(t1),21(t1) )
Final time t,

« T2(t2) = (x2(t2), y2(t2), z2(t2) )
Average Velocity

AY

PATH of object

Tjavg — At /
= Comx) s 0oy o (Bemz)

Dy = 20 4 i+

(tz—t1) (tz—t1) (tz—t1)

—s Ax . Ay . Az o
Vavg = 3/t t At T Atk

= Vavgxl t Vavgyl] T Vavg,z

k




Dimensions (3D)

Average Velocity

AR

Vavg — At

— Ax A Ay A Az +
(] v -_ _l LA I k

avg At t At J + At _

* = Vavgxl T Vavgyl T vavg,zk
Velocity
In the calculus limit, At - 0

— . A dx, dy .  dz &
¢+ V= lim Y=y Dy dp

At—0 At dt t dt J+ dt

. = v, i+ v,j+v,k

nstantaneous Velocity (velocity) in Three

PATH of Object

s

U1

« v, = v,(ty) and U, = U,(t,) is the velocity at time, t; and t,, respectively.

* In general, the velocity is a function of time, v = v(t)



Average Acceleration, dg,4, Acceleration, d, in
Three Dimensions (3D)

Average Acceleration PATH of Object
- A Ave, | Avy . Av, £
°a — o L —_— —Z k
Wg At At At J .
- A 2 1y A - 2
o — Ml + 2y "1y + 2z~ V1z b
tr—t4 t,—tq t,—tq
) = aavg,x L+ aavg,y] + aavg,zk

Acceleration
In the calculus limit, At - 0

— Av dvy, dvy, .  dv, ¢
a_Altlt—>0At dtl+dt]+dtk
. =a,l+a,j+ak

e a; = a,(ty) and a, = a,(t,) is the velocity at time, t; and t,, respectively.
* In general, the velocity is a function of time, a = a(t).



Example of Kinematics in 2D

An object follows a path 7 = (1 sz) t21 + (1 524) t47 4+ 2m)k PATH of Object

* A) Draw the path of the object from t > 0.

e B) Find average velocity fromt=1sto 2 s.

* C) Find average acceleration from t = 1s to 2s. Plot.
* D) Find acceleration at t = 1s and at 2s.

Solution of part A

It's clear, X = (1 S—n;) t?,y = (1 Sm) t* z =2m

...... N, ml/Z 2
y = (15_4 4 =[(1 2 >t2] -y = x2

Path is a parabola in the plane defined by z = 2m
The relation y = x? omits unit. If units were included » y = (1m™1)x?

VX




Example of Kinematics in 2D

. - m A m A ~
An object follows a path 7 = (1 5_2) t%1 + (1 ;) t*71 + 2m)k
* B) Find the average velocity fromt=1sto 2 s.

Solution of part B 1m 4§m X
Att = 1s,x(1s) = (1 )(15)2 = 1m, y(1s) = (1 —) (15)*=1m, z = zm
7(1s) = (Im)i + (Im)] + 2m)k -

Att = 2s,%(25) = ( )(25)2 = 4m, y(2s) = (1 —) (25)* = 16m, z = 2m
r(Zs) = (4m)i + (16m)j + 2m)k

AT 77')2 7731 (xz_xl)/\_l_ (yZ yl) A_l_ (z2—24) k

Vavg = b oty (Gt U (Gon) (66

m\ . m\ .
vavg (25—15) L+ (25—15) J+ (25—15) k _>77avg (3?)l+ (15?)]




Example of Kinematics in 3D

. - m A m A =~
An object follows a path 7 = (1 5_2) t%1 + (1 5—4) t*7 + 2m)k
e C) Find average acceleration from t = 1s to 2s. Plot
Solution of part C

First find velocity as a function of time t by differentiation wrt time, t.

dy .  dz &
dt]+dtk

vt =u((0R)e) =2x(15) e = (25)e

== 4(02)) = (12) et - (12

—> A oY 7T dx/\
. v:vxl+vy]+vzk:d—tl+

vzz%i:d%(Zm):O—) ﬁ’z(zs_n;)ti+(4sﬁ4)t3j
Att=1s, 5(1s) = (22) @i + (42) 1)% = (22) 1+ (42)
Att = 2s,V(2s) = (2 sz) (2s)i + (45%) (25)%] = (4%)“ (32";1 j
S migm m”,m
Gang =g = ot = g+ iy ) = (25) 1+ (285))

d=a,i+a,j= ddixl+d;ty]
a= dit((zsﬁ2 t)i+dit((4s%) t3)j
d= (zsﬁz)u (12?4) t2j
d(1s) = (zs—";) i+ (12 Sﬁz)]
a(2s) = (2 S—"Z) i+ (192 sz)]



Projectile Motion

* An object launched near the earth’s surface with an initial velocity, v,

* The Object then it follows a path (i.e. a projectile) that dictated by the
force of gravity

‘b Tt



Projectile Motion: Motion diagram illustrates that
the x- and y- components are independent

Vertical (y)

« At t, = 0, position x, = 0 and y, = 0, ball with initial velocity v,
* Initial velocity components:
X —
e X-comp, Vg,=Vq COS 6, i ; S 6
* Y-comp, vy, =V Sin O ’< h ’
NI - 33
X and y components are independent l
Vox X | : T

Horizontal (x) e— 66— 66— 66— e—-0—




Projectile Motion: Kinematics Equations

« At ty, = 0, position x, = 0 and y, = 0, ball with initial velocity v,
* Initial velocity components:
* X-comp, Vg,=Vq COS 6,

. Uy A VU
* Y-comp, Vyy,=V( Sin 6 Vi) S 64
Equations to find position, x(t), y(t) L Uy ! :
and velocity, U(t) = v, (£)T + v,,(t)f at time t. .
, Ay = —gJ
Horizontal (x) 3 ;
* X = Xg+ Voyxt, E1 Voy 9 ’ : l
Vertical (y) 0
1 Yo' - X
°y=y0+v0yt—5gt,EZ Xg 0%

» vy = v§, —29(y — ¥o), E3, vy = vy, — gt, E4



Simple Projectile Problem

* The airplane shown is in level flight at an altitude of 0.50 km and a
speed of 150 km/h. At what distance d should it release a heavy
bomb to hit the target X? Take g = 10 m/s?.

* A) 150m; B) 295 m; C) 417 m; D) 1500 m; E) 15000 m.

L o, Horizontal (x)
1 X = X + Vout, E1
Vertical (y)
L,
2 _— 1,2
| X vy =5y —29(y — Yo), E3
O G A Y O 5 % 0 O A o vy=v0y—gt,E4

> d .
- -




Simple Projectile Problem: Solution

* The airplane shown is in level flight at an altitude of 0.50 km and a speed of 150 km/h. At
what distance d should it release a heavy bomb to hit the target X? Take g = 10 m/s?.

* A) 150m; B) 295 m; C) 417 m; D) 1500 m; E) 15000 m.

150km/h

Lo,

b

0.5km

X

v
I O O BT G [ O T 5% O G I O o O

« 4 »

Horizontal (x) x = xg + vgyt, E1
Vertical (y)

1
Y = Yo + voyt —5 gt? E2; vy = v, — 2g(y — ¥o), E3

vy = Voy — gt, E4

Solution:

Consider Vertical and use E2, to find time
bomb falls 500m (0.5 km):

1 2
y=y0+v0yt—§gt
m
—500m = O+0Xt—5?t2 -t =10s

Horizontal Range
Initial Horizontal velocity v,,, = 41.7m - s~
Horizontal Range: E1 x = v,, .t = 417m

1




Multiple Choice

* The figure below (top of next page) shows trajectories of four artillery
shells. Each fired with the same initial speed. Which trajectory
remains in the air for the longest time? Circle the right answer. Hint:

ask yourself how to throw a ball so that it remains in the air for the

longest period.
A

Answer: A




Previous Test Question

(10 points) A child is standing 10m from the edge of a cliff. He kicks a soccer ball
is kicked on the ground with an initial speed of 17.7 m/s at an upward angle of
42.7" above the horizontal. The cliff is 12.25 m high.

A) Draw the path of trajectory (or a motion diagram) of the soccer the ball, which
shows the direction of the velocity and acceleration at the following points: i) the
instant it leaves the ground; ii) its maximum height; iii) the instant when it hits the
ground. Calculate the x and y component of the initial velocity

grouna).

Diagram (2 points)

a=-—gj

- 10m -]

‘a——g]

y=—12.25m

@

range

a=—gj

Tnitial Velacity 1. = 17 72 at an nnward anole ofA = 42 7°

L\’

Solution of A)
Initial Velocity, vy = 17.7% at @ = 42.7°

X-com, Vg, = VgcosO = 13 % (1 point)

y-com, vy, = VpSing = 12 % (1 point)




Previous Test Questions: Solution part B

* (10 points) A child is standing 10m from the edge of a cliff. He kicks a soccer ball is kicked on the ground with
an initial speed of 17.7 m/s at an upward angle of 42.7 above the horizontal. The cliff is 12.25 m high.

B) Calculate the time it takes the ball to hit the ground. Does it land on the bottom of the cliff? HINT: The
answer is yes, but you must show this using projectile equations. Partial Answer: t =3.23 s

grouny). 3 Solution of B)

v ‘ - First, we must show that the ball does not land on the cliff.
a=-gj Since it must travel 10m horizontally to the cliff edge, the time

Diagram (2 points)

it takes is 10m = vy, t > t = 0.77s. We used E1.
a=-g] y=—12.25m
-___10m_.| O . . A . _ 1 2 _
range Using E2, the vertical positionis y = vy, t — Sgte =
i=-gj | \?
Tnitial Velocity 1. = 17 7 at an unward anole of A = 42 7° \ 12 XO 77S - - (9 8 ) (0 775)2 - 6 33m

Horizontal (x) x = xg + vgyt, E1

: Hence at the cliff edge it is above top of the cliff. (2 points)
Vertical (y)

y = yo+v0yt——gt2 E2; v{ =v§, —29(y — ¥o), E3
Vy = Vgy — gt, E4



Previous Test Questions: Solution part B,
Continued

* (10 points) A child is standing 10m from the edge of a cliff. He kicks a soccer ball is kicked on the ground with
an initial speed of 17.7 m/s at an upward angle of 42.7 above the horizontal. The cliff is 12.25 m high.

B) Calculate the time it takes the ball to hit the ground. Does it land on the bottom of the cliff? HINT: The
answer is yes, but you must show this using projectile equations. Partial Answer: t =3.23 s

grouny). 5 Solution of B) Continued
S - o ‘ ™) We have shown that the ball will clear the cliff’s edge and fall
tagram (2 points) i=-gj to the ground

To find time to the ground use E2
L 1
“a="4 y=-12.25m Y = yo + voyt — = gt?
- 10m -] @ " 2
range a=_gjl\ﬁ —12.25m=12;t—49s—2t2=0—>t2—245t—2.5=0
Initial Velacity 1. = 17 7 at an unward anole of @ = 42 7° 2_45+\/2_452+4X2_5 2 45+4
Solution, t = — x = 2_ s = 3.23s and — 0.78s.
Horizontal (x) x = xg + voyt, E1 Physical Solution is t = 3.23 s (3 points)
Vertical (y)

y = yo+v0yt——gt2 E2; v{ =v§, —29(y — ¥o), E3
Vy = Vgy — gt, E4



Previous Test Questions: Solution part C

* (10 points) A child is standing 10m from the edge of a cliff. He kicks a soccer ball is kicked on the
gr(ignzdswitnalq initial speed of 17.7 m/s at an upward angle of 42.7 above the horizontal. The cliff
I 12.25 m high.

C) Hence calculate the horizontal distance by the ball traveled just before it hits the ground at the
bottom of the cliff, i.e. calculate the range.

grouna).

B .
Solution of C
= 4@ i © )
Diagram (2 points) Cf d=—gj
Yo =0 <:>

----- To find range to the ground use E1

m .
i=—g] V¥ — _1225m Also from part A) vy, = vgcosf = 13? , Voy = VpSing =

-—-10m -] ) 122
- S

range

@ =—gj \”
Tnitial Velocity 1. = 17 7 at an unward anole of A = 42 7°

From partB, t=3.23s

Horizontal (x) x = xg + vgyt, E1
Vertical (y)

Range is x = vy, t = 13?><3.235 = 42m. (1 point)

1
Y = Yo + voyt —5 gt? E2; v§ = v, — 2g(y — ¥o), E3
vy = Voy — gt, E4



Projectile Motion: Equation of Motion
revisited

« Att, = 0, position x, = 0 and y, = 0, ball with initial velocity v,

* |nitial velocity components:

e X-comp, vy, = Vg Ccos by E13 . ._,
¥ : %

* Y-comp, vy, = Vo sinf, E15 i z

Equations to find position, x(t), y(t) Y I " U,

and velocity, ¥(t) = v, (t)1 + vy, (t)j at time t.

Horizontal (x) . Ay = —JJ
* X =Xy + vy,t, E14 Vo i l
Vertical (y) Yoy 6,
v, = Vo, — gt, E16 Yo |

Y 4 X0 Vox X

© ¥ = Yo+ gyt — > gt?, E17
* vy =gy, — 29(y — o), E18,



Fquations for Midterm 1

1D Kinematics:

Ax  Xp—Xxq __dx __ total distance

v = = E1l: v=— E2; S = E3
avg At t,—t, ’ dt ’ avg total time
Av Vy—1q dv

a =—=—=—E4: a=— E5

avg At t,—t4 ’ dt
v=v,+at E6: = Lat? E7: 2 = 2 4 2a(x — ES

=vy+a ; X =xo +vot +at ; v =v§ + 2a(x — xp)
2D Kinematics:
> ATY  To—Ty  Xp=X1a , Y2=V1ia , Z2—Z1 § A o ~
% = — = = ) k=v I+ v % k E9:
- df') dx A dy A dz «~ N A T
V= dtl+dt]+dtk Vel + vy ] + v,k 0
- v U~V Vox—Vix s , 2y~ Viy n | V2z=V1z 7 A A n
a = —= = .+ + k=a I+ a + a k E11
- dl_} dvx A dvy A de N " o) T
a=—= .+ +—=k=a,l+a,]+a,k E12

dt dt dt J dt X vJ z
Projectile Motion
Horizontal: v,, = vycosf6, E13; X =x9 +vy,t E1l4
) . 1

Vertical: vy, = v, sinf, E15; vy = Vpy — gt E16; Yy =Yo+ Vgyt — Egt2 E17;

v =v§, —29(y —y,) E18



Tossed ball from rising Balloon

A balloon is rising at a cnqlnstant speed of 6. 7— At 88.2 m above the ground, a ball is launch
from the balloon at 10— (Wlth respect to hlmself) at 53.1 above the horizontal.

A) Find the maximum helght of the ball.

B) At the maximum height, what is the speed and acceleration of the ball?
C) Find the range (horizontal distance from the launch point) of the ball.
D) Find the velocity and speed of the ball when it hits the ground.

y Solution of Part A
Initial Velocity component:
Yima o s
T . ° Use E13 vy, = 10X cos 53.1 = 6?
{
Use E15 v, = 10X sin53.1" = 8=
6.72 S

o| But this neglect the balloon’s vertical velocity

. m m
Doy = 10X sin 53.1° + 6.7 — = 14.7 —
Y S S




Tossed ball from rising Balloon: Part A

A balloon is rising at a constant speed of 6. 7— At 88.2 m above the ground, a ball

is launch from the balloon at 10 — (W|th respect to himself) at 53.1 above the
horizontal.

A) Find the maximum height of the ball. | 30lution of Part A (continued)
Initial Velocity component:

m m
Vox = 6—; vy = 14.7—

S S
Y At the Maximum height....??

Vi, R Use E18, vj = 0 =2v§y —29(y —yo)
T ° o 0= Voy — 29Ymax

(14.7 %)2

— = 11.02 =11
X ° | Ymax T 559 8m - 52 025m m

Maximum height is 11m + 88.2 m =99.2 m

above the ground.
y =-882m o




Tossed ball from rising Balloon: Part B

A balloon is rising at a cnqlnstant speed of 6.7?. At 88.2 m above the ground, a ball is launch
from the balloon at 10? (with respect to himself) at 53.1 above the horizontal.

A) Find the maximum height of the ball.

B) At the maximum height, what is the speed and acceleration of the ball?

Alternate Solution of Part A, Use E16 to find
the time to V44, then use E17 to find vy,
Solution of Part B

----------
------------------
----------
-----

Speed is simply the x-cémp, vy, = 6—

S




Tossed ball from rising Balloon: Part C

A balloon is rising at a cnqlnstant speed of 6. 7— At 88.2 m above the ground, a ball is launch
from the balloon at 10— (W|th respect to hlmself) at 53.1 above the horizontal.

C) Find the range (horlzontal distance from the launch point) of the ball.

Solution of C
From A, vy, = 6?; Voy = 14.7%

Use E17, y = yo + vyt — %gtz

y m m .
—882m =0+ 14.7—t — 49—t
) A S 52
Yma o Divide by 4.9, rearrange and omit unit:

t2—i3t—18=0-> (t—65)(t+3s) =0
Physical Sélution t = 6s
Use E14, x = Xg + vat range = 6 X6s = 36m

.

.
o*
.
“

.
“‘
.
R

------------

----------------

.
o’
.
.
Y




Tossed ball from rising Balloon: Part D

A balloon is rising at a constant speed of 6.7?. At 88.2 m above the ground, a ball is launch from
the balloon at 10? (with respect to himself) at 53.1 above the horizontal.

D) Find the velocity and speed of the ball when it hits the ground.

Solution of D From A, vy, = 6?; Voy = 14_7?
Use E16, v, = vy, — gt,and t = 65

A

m R m m
Uy =U0y—gt = _44‘1?—>U= 6?l—441?]

Speed: v = |V| = \/ (6 ?)2+(—441 ?)2 = 44.5?

.
.
.
.
.
.
.
.
o*
.

Yma o




Tangential, a,, and Radial, a,,4 component of
Acceleration.

* Tangential Component, d,, is parallel to the velocity v

* Radial Comioonent a,44, is perpendicular to the velocity v
* How does the velouty change?

* In time At, the velouty will change by AV = aAt
* Final velouty IS vf =V + aAt

e System on rlgi:wt IS s‘.:peedlng up and turning right!

Al
Qu
\ ﬁ
<
pS
/
V4
<
Q
ﬁ
Q
Q.

// Example of Slowing down and turning left
a

3 e



A Multiple Choice

* Shown Below are the velocity and acceleration vectors for an object

in several different types of motion. In which case is the object
slowing down and turning left?

A)SI Zz\ B) v Zz/v C)S\Zz\ D) v —» E);l Zz/‘

ANSWER: E



Circular Motion Section 4.5

* An object that follows an circular path of radius 7, at constant speed,
v is said to be in a uniform circular motion as shown in the Figure
below:

The acceleration, a of an object in uniform circular motion is
[ perpendicular to its velocity, .
The acceleration, a points to the center of the circle and has a
maghnitude of:

\ vz
a=—
T

The figure on the left is an example of a circular motion at

\f/\/ / variable speed.



Another Multiple choice

* An object is moving around in a circle at constant speed in the
clockwise direction (shown below), from P, to P, to P; to P, and back
to P,. At which point does the object have a negative x-velocity and a
negative y-velocity? Circle the correct answer.

*a)P, Db)P, <¢)P; d)P, e) none of these answers

ANSWER: B




