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Introduction to Work by spring and variable force



Calculus for 1st year physics: Derivatives and 
Indefinite Integrals
• Consider a function y of a variable x, ! "
• Derivative of y wrt x, #$#% = !/

• Example, ! = "( → #$
#% =

# %*
#% = 2×"(-. = 2"

• Indefinite integral, ∫! 0" = 1 " , where ! " and 1 " are functions of x.

• The function 1 " is the anti-derivative of the function ! " : #2#% = ! "
• Example ! = " → ∫! 0" = ∫" 0" = .

( "
( = 1 "

• Since if 1 " = .
( "

( → #2
#% =

# 3
*%

*

#% = .
( 2×"

(-. = "



Calculus for 1st year physics: Definite Integrals

• Definite integral ∫"#
"$ % & '& is evaluated between the limits, &( ≤

& ≤ &*
• The answer of a definite integral is a numerical value
• ∫"#

"$ % & '& = , & "#
"$ = , &* − , &(

• Example % = & → ∫% '& = ∫& '& = /
0 &

0 = , &
• ∫"#

"$ & '& = , & "#
"$ = , &* − , &( = /

0 &*
0 − /

0 &(
0



Chain Rule

• Let x be a function of t, ! "
• If # is a function of x, # ! then y is also a function of t, # "
• Now consider $%$& , the chain rule states $%$& =

$%
$(

$(
$&

• Example, ! " = "), # ! = !) = ") ) = "+ = # "
• Since # " = "+ → $%

$& = 4×"+/0 = 4"1
• Also x " = ") → $(

$& = 2×")/0 = 2"
• Noting # = !), use the chain rule $%$& =

$%
$(

$(
$& =

$ (3
$( ×2" = 2×!)/0×2" = 4!"

• But ! " = ")
• This means $%$& =

$%
$(

$(
$& = 4!" = 4"1



Advance Differential Calculus
• Let x be a function of t, ! "
• If # is a function of x, # ! then y is also a function of t, # "
• The chain rule states $%$& =

$%
$(

$(
$&

• Now consider the definite integral ∫(*
(+ $%

$& ,!
• We can change the variable of integration form x to  … say y by doing the 

following
• ∫(*

(+ # ! ,! = ∫%*
%+ $%

$(
$(
$& ,!, where the integration limits are now # !- =

#- and # !. = #.
• Though I have not proven this, $%$( ,! = ,#
• ∫(*

(+ $%
$& ,! = ∫%*

%+ $%
$(

$(
$& ,! = ∫%*

%+ $(
$& ,#,where $($& must be expressed as a 

function of y



The Spring Force
Figure below shows a spring in an equilibrium (relaxed) state:

If a leftward force is applied to the block that compresses the spring, x 
< 0 (left), the spring applies a rightward restoring spring force, "⃗#: "% >0 pushes on the block.
If a rightward force is applied to the block that stretches the spring , x > 
0 (right), the spring applies a leftward restoring spring force, "⃗#: "% < 0
pulls the block.
Hooke’s Law: Spring force "% = −+,, x is displacement of spring, k is 
the spring constant in unit of N/m



Work by a spring
Work by variable spring force in 1D that changes the compression/stretching of 
spring from an initial !" to final !#.
Divide into infinitesimal portion, ∆!&, where the subscript j denotes the jth portion 
of the path.
Work by spring, d() = +,&∆!& > 0 , +,& < 0, ∆!& < 0
It is assumed that the infinitesimal portion, ∆!&, is straight, and the force is 
constant, +,&.
The total work done by spring on the path is found by summing all jth portions: 
() = ∑2( = ∑& +,&∆!&
This gives () = ∫,4

,5 +, ! 2! = −∫,4
,5 7! 2! =?

What is the definite integral, ∫7! 2! =?
Definite integral, total work by spring, () = −∫,4

,5 7! 2! = −9
:7!

:
,4

,5

() = −127!#
: − −127!"

: = 1
27!"

: − 127!#
:

=7! 2! = 1
27!

:



Example spring

the	 first	 puck?	 B)	 Calculate	 the	 change	 in	 kinetic	 energy,	 .	 Is	 the	 collision	
elastic?	 Briefly	 explain.	 ANSWER:	 A)	 Velocity:	 v	 =	 2.28	 m/s	 at	 50°	 below	 the	

horizontal	or	 ;	B)	-2.8J	

Problem	4	
A	bullet	with	a	mass	of	8.00	´	10-3	kg	strikes	and	embeds	itself	in	a	block	with	mass	
1.25	kg	that	rests	on	a	frictionless	surface	and	is	attached	to	a	coil	spring	with	a	

force	constant	of	 .	The	impact	compresses	the	spring	15.0	cm.	

	
	
	
	
	
	
	
	
A)	Find	the	speed	of	the	block	+	bullet	just	after	the	impact.	B)	What	was	the	
initial	speed	(v)	of	the	bullet	just	before	it	hits	the	block?	C)	Calculate	the	impulse	
(magnitude	and	direction)	on	the	box	due	to	its	collision	with	the	bullet.	
ANSWER:	A)	2.38	m/s;	B)	373	m/s;		

C)	 	to	the	right.	
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ĵ

m
N315

 
Jx = P2 − P1 = MvF − 0 = 1.25kg( ) 2.38m

s
⎛
⎝⎜

⎞
⎠⎟ = 2.975

kg im
s

A typical spring constant is ! = 400 %
&. Below such a spring is being compressed from equilibrium, at 

'( = 0, by a m = 8 kg box, moving at )( = 9&+ . Assume no friction.

A) Find maximum compression, ',.
B) Find the speed, )-, when the box is at the equilibrium at '- = 0.

Part A

Work by spring from x1 to x2, .(, = (
, !'(

, − (
, !',

,

Work-Energy, .(, = −(
,!',

, = ∆1 = (
,2),

, − (
,2)(

,

', =
2
! )( =

8!4
400526( ×9

2
8 = 1.272'( = 0

)( ), = 0

',

'- = 0

)-

',

), = 0 Part B: Use work-energy theorem from 2 to 3

.,- =
1
2!',

, − 12 !'-
, = ∆1 = 1

22),
, − 122)-

,

)- =
!
2', =

400526(

8!4 ×1.272 = 8.9828



Work by general variable force in 1D
Consider a object moving in 1D acted on by a general variable force as shown 
below, ! " .

The work done is the area below the F vs. x curve from the initial position "#
to final position "$.
Divide into very small paths each of length, ∆", where at position "& the 
average force is !&,()*, which contributes work ∆+& = !&,()*∆"
The total work done is +~∑&+& = ∑& !&,()*∆"
In the calculus limit of very small ∆" → 0, the	total	work	done	is

+ = ?
@A

@B
! " C"



Work-Energy Theorem  by a general variable force in 1D

The work done is ! = ∫$%
$& ' ( )(.

The Use Newton’s second law, ' = *+ → ! = ∫$%
$&*+)(

Divide Acceleration is + = -.
-/
→ +)( = -.

-/
)(

Note velocity v is a function of  position x and time t.
Use the chain rule, -.

-/
= -.

-$
-$
-/
= 0 -.

-$
, where -$

-/
= 0

+)( =
)0
)1
)( = 0

)0
)(

)( = 0)0

! = 2
$%

$&
*+)( = *2

.%

.&
0)0 =

1
2
*05

.%

.&
=
1
2
*06

5 −
1
2
*08

5 = 96 − 98

Work	done	! = ∆9 change	in	kinetic	energy
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' (8 ' (6
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